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Abstract-In this paper, improvements are made in the numerical conditioning of thre+dimen- 
sional infinite element stiffness matrices by replacing the characteristic (eigenfunction) basis functions 
which have global support with basis functions which have local support and appropriate precondi- 
tioning. The conditioning and convergence properties of these new infinite elements are presented in 
solving three-dimensional exterior problems for the Helmholtz equation. @ 2002 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
In 1977, Bettess [l] suggested the idea of developing infinite elements which utilize the sequence 
of multipole functions 
as basis functions in the infinite direction f. Over the last 23 years, infinite elements utilizing 
various forms of these multipole basis functions have been developed and improved for one- 
dimensional, two-dimensional, and three-dimensional problems by Bettess et al. [l-lo], Coyette 
et al. [11,12], Astley et al. [11,13-151, Burnett et al. [16-201, Demkowicz et al. [21-261, and Gerdes 
et al. [21,22,27,28] with additional contributions made by Cipolla et al. [29], Harari et al. [30,31], 
and Shirron et al. [32,33]. From the computational point of view, a very successful multipole- 
based infinite element for solving three-dimensional exterior wave problems has been developed 
by Burnett [16,17]. In this paper, we will build on the ideas of those referenced above in using 
infinite elements to solve three-dimensional exterior wave problems. 
Consider the following three-dimensional problem for the Helmholtz equation: 
-Au - k2u = 0, in R, 
au 
dn as1 =gT $$$+iku) =0, 
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where R c R3 is the region 
outside the sphere XI 
of radius ~1, $$lan denotes the normal derivative of ‘1~ on dR, and (T, 8,4) are the usual spherical 
coordinates. 
A methodology for constructing the infinite elements used to solve exterior problems for the 
Helmholtz equation is to base the infinite elements on convergent series expansions. This has been 
done by, e.g., Burnett [16-201, who developed infinite elements based on the multipole expansion 
emikp 
in prolate and oblate spheroidal coordinates (p,8,$), where p is the spheroidal radius, 8 is the 
spheroidal elevation angle, and 4 is the azimuthal angle. This spheroidal multipole expansion 
investigated by Holford [34] is the generalization in prolate and oblate spheroidal coordinates of 
the classical multipole expansion of Atkinson and Wilcox [34-371 
in spherical coordinates. To develop an infinite element based on the spheroidal multipole ex- 
pansion, we define basis functions (pj(p, 8, I$) by taking the tensor product of the functions 
e-ikp 
pny forn=1,2,..., 
in the radial direction with Lagrange polynomial shape functions in the angular directions. The 
corresponding approximate solution is 
(3) 
Now there exists a serious computational problem with this multipole infinite element, namely, 
numerical ill-conditioning [26,32,33]. To illustrate this, an attempt was made to solve the exterior 
wave problem (1) with ~1 = 11, k = 1, and g = -kh’$‘(krl)f’lo(cosO) using a mesh of 100 
multipole infinite elements with the functions (2) in the radial direction and fifth-order Lagrange 
polynomial shape functions in the angular directions. The results of this endeavor are given in 
Figure 1. Figure 1 is a graph of the normalized error ]]u -2~hll~t,(n)/llull~,1,cn, between the exact 
and approximate solutions u and uh, respectively, and the stiffness matrix condition number 
versus the number of multipole terms. 
From Figure 1 it is seen that the multipole infinite elements give an exponential rate of con- 
vergence until the number of multipole terms reaches 10. When the number of multipole terms 
exceeds 10, the error stops its downward trend and oscillates in the range from 10m3 to 10e4. 
The reason for this behavior is that the condition number of the stiffness matrix is above the 
order 10’” which is the limit of the arithmetic precision of a typical workstation. 
Consequently, in order to improve the numerical conditioning, we consider replacing the radial 
functions (2) with functions having localized support. Similar to the usual finite element for- 
mulation, we create a “piecewise” multipole infinite element where the localized radial functions 
Three-Dimensional Infinite Elements 983 
CONDITION 
NUMBER 
l.E+Zl 
l.E+19 
l.E+17 
l.E+15 
l.E+13 
l.E+ll 
l.E+9 
l.E+7 
NORMALIZED 
ERROR l.E+5 
l.E-2 
l.E-3 
1 .E-l 
GLOBAL MULTIPOLE 
INFINITE ELEMENT 
/ NE= Number of Mnife Elements in mesh=100 
NUMBER OF RADIAL 
DEGREES OF FREEDOM 
GLOBAL MULTIPOLE 
Figure 1. Ill-conditioning of the spherical multipole infinite element 
are Lagrange interpolation polynomials in the variable l/p. By utilizing radial functions with 
localized support, the stiffness matrix of the piecewise multipole infinite element is more sparsely 
populated and may have better numerical conditioning for the same number of degrees of freedom 
than the stiffness matrix of the usual multipole infinite element. 
In this paper, we will develop infinite elements based on the spheroidal multipole expansion 
of the solution to the three-dimensional Helmholtz equation and the Sommerfeld radiation con- 
dition. The infinite elements to be developed will utilize compact support basis functions that 
are localized versions of the global functions appearing in the multipole expansion. By using 
compact support basis functions, the numerical ill-conditioning grows at a slower rate and allows 
a better approximation accuracy to be obtained as compared with the basis functions that have 
global support. 
2. SPHEROIDAL MULTIPOLE EXPANSIONS 
In order to introduce the spherical and spheroidal multipole expansion theorems, we must first 
consider the following definitions [36]. 
DEFINITION. An exterior region R c It3 is a region (open connected set) consisting of all points 
outside a closed bounded surface 82 c R3. 
DEFINITION. A radiation function for the exterior region R c R3 is a complex-valued function 
u(x) which satisfies: 
(1) U(X) is of class C2 and satisfies the Helmholtz equation 
-AU(X) - k2u(x) = 0 
in the closure of 52, and 
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(2) u(x) satisfies Sommerfeld’s radiation condition, 
where k > 0. 
Here x E R3 is the position vector 
x = r sin B(cos 4i + sin $j) + T cos Bk 
in spherical coordinates 
r 2 0, 010<7r, 0 L Cp < 2n. 
The eigenfunction representation of a radiation function U(X) is given by 
u(r, @,$) = 2 2 c,,h~2)(kr)P~(cosB)eim4, 
n=O m=O 
(4) 
where h?)(z) are the spherical Hankel functions of the second kind and P,“(o) are the associated 
Legendre functions of the first kind. We recall [38] that the spherical Hankel functions of the 
second kind are given by 
h?)(2) = ip, 5 e-i”, 0 forn=0,1,2 ,..., 
where p, are polynomials defined by the recurrence relation 
P,+1(2) = (2n + l)ZP&) - Pn-l(X), forn=1,2,..., (6) 
and 
PO(Z) = 1, pl(z)=z+i. (7) 
Now the eigenfunction expansion of the radiation function (4) and the expansion of the spherical 
Hankel functions (5) suggest the classical multipole expansion theorem due to Atkinson and 
Wilcox (34-3 71. 
EXPANSION THEOREM. Let u(x) be a radiation function for the region exterior to a sphere 
Jx - ~01 = c, and let (T, 8,b) be the spherical coordinates for x relative to an origin at x0. Then 
O” Gn(44) U(T, 8, f$) = eeikr C TIE, (8) 
n==l 
where the series converges for r > c and converges absolutely and uniformly in r, 8, and C$ in any 
region r 2 c + c > c. The series may be differentiated term by term with respect to r, 0, and q5 
any number of times, and the resulting’series all converge absolutely and uniformly. 
Now in 1341, Holford extended this multipole expansion theorem of Atkinson and Wilcox to 
00 G, 6,$ 
21 (p, 8,“) = ewikp C ( > 
n=l 
pn 
in prolate spheroidal coordinates 
x = dm sin 6 (cos ii + sin $j) + p cos 8k 
and oblate spheroidal coordinates 
x = psin6 (cos& + sin$j) + dmcos6k, 
where 
f L 0, P1 fl Olelr, 0 I 6 < 2?r. 
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3. PIECEWISE MULTIPOLE INFINITE ELEMENTS 
Model Problem 
We now consider the exterior wave problem (1) with the domain taken to be the region 
Q= {(P,U) I p>p1,Ol&r, 09$<27r > 
outside the prolate spheroid 
an={(p,,e,Q ]oLelr, 0<$<27r} 
of spheroidal radius ~1. 
A weighted and conjugated weak form of (1) is [21-281 
a(u,v) = l(v), VVEV, UEV, (10) 
is the sesquilinear form, 
l(v) = 
s 
&ads 
Xl P2 
(12) 
is the antilinear functional, and V = Hi(Q). Here H;(R) is the complex weighted Sobolev space 
endowed with the norm 
(13) 
For prolate spheroidal coordinates 
gpp = P2 - f2 
p2 - (f2/2) (1+ cos28) ’ 
J= p2-G(l+cos26))sind>O. 
( 
It should be emphasized that the Sommerfeld radiation condition given in (1) is not incorporated 
into the definition of the function space V, and therefore must be incorporated by some other 
means (see, e.g., [21]). This is not necessary when formulating the approximate problem since 
only the basis functions satisfying the Sommerfeld condition are used. 
The function g in (1) is chosen so that the exact solution reads 
21 (PAiq = p (kr (P,iq) PI (case (p,“j)) ) 
where the transformation from prolate spheroidal to spherical coordinates is given by 
r=J_, cos”=~_._!E&_; +J. 
cos 2l9 
In the convergence study to be presented, we are interested in investigating the behavior of 
the approximate solution oh arising from the piecewise multipole infinite element formulation on 
the boundary aR and comparing this behavior to that of the global multipole infinite element. 
In order to investigate this behavior on the boundary LQ, we consider the function space L2(asZ) 
endowed with the norm 
(14) 
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Piecewise Infinite Element Based on the Spheroidal Multipole Expansion 
We now introduce a three-dimensional piecewise infinite element based on the spheroidal mul- 
tipole expansion given in (9). First, letting 
n, = number of radial subintervals in the mesh, 
n = number of nodes per radial subinterval, 
n 11 = total number of radial nodes in the mesh, 
the radial interval [pi, co) is partitioned into n, subintervals where each of the radial subintervals 
e - l,..., n, - 1 is bounded, while the radial subinterval e, = n, is unbounded. Each radial 
sibmterval has n local nodes and corresponding n Lagrange polynomials in the variable l/p. The 
number of radial nodes for this partitioning is 
71, = (n - l)n,. 
Next, letting 
m, = number of two-dimensional angular subdomains in the mesh, 
m = number of nodes per angular subdomain, 
m - total number of angular nodes in the mesh, 71- 
the two-dimensional angular region [0, rr] x [0,27r) is partitioned into m, subdomains, and each 
of the angular subdomains e, = 1, . . . , m, has m local nodes. This partitioning of the radial 
and angular domains results in the Cartesian product partitioning of the domain R into n, x m, 
subdomains (ev@c~)fl. The number of global nodes for the infinite element mesh is n, x m,. 
In the radial coordinate the shape functions, for e, = 1,. . . , n, - 1, are 
ii (VP - l/PA) 
in = G’ n 
ii WPK - llPde 
-ikp 
’ 
for K= 1,2 ,..., 12, (15) 
x=1 
X#n 
where PI,P~,-.., pn are the nodal coordinates. To perform integrations in the radial direction, 
we introduce the transformation cev)T: [-1, l] + [pi, pn] 
(e”)T(C) = (l/2) (l/&l - l,&) <: (l/2) (l/p, + l/Pi)’ 
with Jacobian 
‘““‘J(C) = - (l/2) WP7l - l/h) 
(U/2) (l/P72 - l/P11 c + (l/2) (l/p, + l/pr))2’ 
Therefore, for e, = 1,. . . , n, - 1, the integrals in the radial direction are transformed as 
For e, = n,, we take the limit as ,cn + 00. Consequently, the shape functions become 
n-1 
O/P) p1 U/P - l/PA) 
a,(P) = 
X#n 
n-l 
(l/PA A!1 (l/P, - l/PA) e 
-ikp 
7 forn=1,2 ,..., n-l. 
(16) 
(17) 
(18) 
Three-Dimensional Infinite Elements 
The transformation (+)T : [-1, 1) + [pi, 00) and the Jacobian read, respectively, 
987 
Thus, for e, = n,, the integrals in the radial direction are transformed as 
This meshing of the unbounded radial domain is illustrated in Figure 2. 
-P 
0 . 
Pl PZ P” infinity 
(19) 
(20) 
0 c = 0 
-1 1 
Figure 2. 1-D meshing of the unbounded radial domain. 
In the angular coordinates, we introduce standard Lagrange interpolation functions xi(& 7) on 
the unit square [-1, l] x [-l,l] w h ere the transformation from local coordinates (E, 7) to global 
angular coordinates (8,$) is given by 
i i 
and the global angular shape functions are given by 
(21) 
Taking the tensor product of the radial shape functions with the angular shape functions gives 
the infinite element shape functions pj (p, <, 77). 
Now the integrals involved in the computation of the infinite element stiffness matrices can be 
separated in the radial and angular variables in the following sense: co 1 
s,, J J 1 -1 -1 f(PME777)4~77~P= (J,,fWP) (J:~ldmw~). 
This separability greatly reduces the computational effort involved in generating the local stiffness 
matrices. Taking advantage of the separability of the radial and angular variables, we introduce 
the approximate solution and test functions 
W(PI E, rl) = 2 5 ~(X-l)m,+“~X(P)Xv(E, 77), %(PI E7 71) = aK(P)XP(E, 77) 
x=1 I/=1 
into the weak form (lo)-(12) which yields the system of linear equations 
n,, m, 
1 1 (R;‘A;” + R;‘A;” + RgXAyV) u(~._~)~,,+,, = V’“W’“, 
x=1 v=l 
(23) 
for K. = 1,2,.. .,n, and p = 1,2 ,..., m,. Here Ry’, Rz’, R$‘, V” are matrices involving only 
radial integrations and Al;““, AT, A:“, W@ are matrices involving only angular integrations. 
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Convergence Study of the Piecewise Multipole Infinite Element 
The piecewise multipole infinite element was applied to solve the exterior wave problem (1) 
with k = 1. In this convergence study, we consider two prolate spheroidal boundaries dR of 
radius pr = 11 and having aspect ratios of 3:l and 7:l which corresponds to f = 22&?/3 and 
f = 44417, respectively. 
The distribution of the radial nodes for this infinite element is based on the transformation 
“T: [I, 0) + [PI, oo) 
We will consider two distributions of the radial nodes. The first is baaed on a uniform partition 
of the interval [l, 0) into n7, subintervals which yields the radial coordinate distribution 
~~=~T(l+e), forK=1,2 ,..., n,. 
The second is a nonuniform partition of the interval [l, 0) into n, subintervals which yields the 
radial coordinate distribution 
for K= 1,2 ,..., 72,. 
In this convergence study, the normalized error 
on R is measured via the norm given in (13) and the normalized boundary error 
en = 
lb - WLllLyaR) 
II4lL~(an) 
on Xl is measured via the norm given in (14). 
The infinite element meshes corresponding to the prolate spheroidal boundaries are illustrated 
in Figures 3 and 6. The convergence results given in Figures 4, 5, 7-10 compare the performance 
of the piecewise multipole infinite elements with the global multipole infinite element introduced 
in Section 1. Each infinite element utilizes fifth-order Lagrange polynomial shape functions in 
the angular variable 8, and each piecewise infinite element utilizes pth-order Lagrange polynomial 
shape functions in the variable l/p. The infinite element meshes considered in this convergence 
study consist of 100 infinite elements. Thus, in this convergence study we introduce a high level 
of approximation in the angular directions in order to isolate the convergence properties as the 
approximation is enriched in the radial direction only. All computations in this convergence study 
were done using standard 16-digit precision arithmetics. 
Figures 4, 7, and 9 show the normalized boundary error eao graphed against the number of 
radial degrees of freedom in logarithmic coordinates for the aspect ratios of 3:l and 7:1, respec- 
tively. It is observed that the global multipole element gives an exponential rate of convergence 
on the boundary Xl until the number of multipole terms reaches 10. When the number of mul- 
tipole terms exceeds 10, a divergent behavior begins to occur apparently due to ill-conditioning. 
Each pth-order piecewise multipole element also gives convergence, and each convergence curve 
appears to be linear. For the 3:l aspect ratio, the minimum boundary error achieved by the 
global multipole element is eao x 7 x 10T4, while the minimum boundary error achieved by the 
piecewise multipole elements is eso x 1 x lo-’ with the uniform radial mesh. For the 7:l aspect 
ratio, the minimum boundary error achieved by the global multipole element is eao z 5 x lo-‘. 
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Figure 3. Prolate piecewise multipole infinite element mesh. Aspect ratio = 3:l. 
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Figure 4. Comparison of the boundary convergence curves of the global multipole 
and piecewise multipole infinite elements. Weighted and conjugated formulation. 
Aspect ratio = 3:l. Uniform radial mesh. 
The minimum boundary error achieved by the piecewise multipole elements is eso x 2 x 10e3 
with the uniform radial mesh and eso z 1 x 10m7 with the nonuniform radial mesh. 
Figures 5, 8, and 10 show the normalized error en and stiffness matrix condition number 
graphed against the number of radial degrees of freedom in logarithmic coordinates for the as- 
pect ratios of 3:l and 7:1, respectively. It is observed that the global multipole element gives 
an exponential rate of convergence on the domain R until the level of numerical ill-conditioning 
destroys the accuracy. It is observed that each pth-order piecewise infinite element gives con- 
vergence in the radial direction, and each convergence curve appears to be linear. In Figure 5, 
where the aspect ratio is 3:l and the radial mesh is uniform, it is observed that each piecewise 
convergence curve has slope approximately equal to p. The same is true in Figure 7 where the 
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Figure 5. Comparison of the assembled stiffness matrix condition numbers and do- 
main convergence curves of the global multipole and piecewise multipole infinite 
elements. Weighted and conjugated formulation. Aspect ratio = 3:l. Uniform radial 
mesh. 
aspect ratio is 7:l and the radial mesh is nonuniform. However, in Figure 6 where the aspect 
ratio is 7:l and the radial mesh is uniform, the slopes of piecewise convergence curves appear to 
be equal, which suggests that the asymptotic range has not been reached. It is observed that 
the condition number of each pth-order piecewise infinite element stiffness matrix grows linearly 
and the slopes of these curves are all equal. The value of the largest piecewise infinite element 
condition number is observed to be of the order 107. 
Comparing the performance of the piecewise multipole infinite element with the global multi- 
pole infinite element discussed in the introductory section, we see that the piecewise multipole 
element competes with the global multipole element in terms of convergence rate and yields bet- 
ter approximation accuracy when p = 3,4,5. Also, we see that the condition number of the 
global multipole element grows at an exponential rate compared to the linear rate of the piece- 
wise multipole element for p = 1,2,3,4,5. Thus, we see that by replacing the radial functions 
having global support with radial functions that have local support, the ill-conditioning grows 
at a slower rate which allows a better approximation accuracy to be obtained and facilitates the 
use of iterative linear equation solvers. 
4. UNWEIGHTED AND UNCONJUGATED 
WEAK FORMULATION 
In Section 3, the piecewise multipole infinite element was applied to solve model problem (1) 
using the weighted and conjugated (WC) weak formulation given in (lo)-(12). We now consider 
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Figure 6. Prolate piecewise multipole infinite element mesh. Aspect ratio = 7:l. 
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Figure 7. Comparison of the boundary convergence curves of the global multipole 
and piecewise multipole infinite elements. Weighted and conjugated formulation. 
Aspect ratio = 7:l. Uniform radial mesh. 
an implementation of this infinite element using an unweighted and unconjugated (UWUC) weak 
formulation of model problem (1). For more details on the various weak formulations of the 
exterior wave problem for the Helmholtz equation, see [21-281. 
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Model Problem 
Once again, we consider the exterior wave problem (1) with the region 
~={(~J,~) IP>Pl, Olkn, OSi<27r) 
outside the prolate spheroid 
an={(,,,@) lOl&T, 014<27r} 
of radius ~1. 
The unweighted and unconjugated weak form of the exterior wave problem (1) is 
4% VI = l(v), t/WEV, uEV, 
where 
(26) 
(27) 
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Figure 10. Comparison of the assembled stiffness matrix condition numbers and domain convergence 
curves of the global multipole and piecewise multipole infinite elements. Weighted and conjugated 
formulation. Aspect ratio = 7:l. Nonuniform radial mesh. 
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is the bilinear form, 
l(v) = 
s 
gv ds (28) 
an 
is the linear functional, and V = HA(R). Here H;(R) is the complex weighted Sobolev space 
endowed with the norm given in (13). For prolate spheroidal coordinates, 
J= (p2-$(l+cos2~))sin~>O. 
We emphasize that the radial integration given in (27) is understood in the Cauchy principal value 
(CPV) sense, and the Sommerfeld radiation condition given in (1) is not incorporated into the 
definition of the function space V, and therefore must be incorporated by some other means [21]. 
The function g in (1) is chosen so that the exact solution reads 
u (PA 4) = P (kr (i-3 64)) Pl (cos@ (P, &4)) , 
where the transformation from prolate spheroidal to spherical coordinates is given by 
It has been observed in [32,33] that the UWUC global multipole infinite element formulation 
yields an approximate solution uh which gives better accuracy on the boundary Xl than the 
approximate solution arising from the conjugated global multipole infinite element formulation. 
Consequently, we are interested in investigating the behavior on the boundary Xl of the approx- 
imate solution ‘llh arising from the UWUC piecewise multipole infinite element formulation and 
comparing this behavior to that of the UWUC global multipole infinite element. In order to 
observe this behavior on the boundary aR, we consider the function space L2(dS2) endowed with 
the norm given in (14). 
Unconjugated Piecewise Multipole Infinite Element 
The piecewise multipole infinite element is formulated with the UWUC weak formulation in 
exactly the same fashion as was done with the WC weak formulation. In the radial coordinate, 
we use the Lagrange shape functions given in (15) and (18) together with transformations given 
in (16) and (19) and Jacobians given in (17) and (20). In the angular coordinates, we introduce 
Lagrange polynomial shape functions xi([, r]) introduced in (22) where the transformation from 
local coordinates (r, n) to global angular coordinates (8, 6) is given in (21). Again, the elemental 
shape functions ‘pj (p, <, 77) are the tensor product of the radial shape functions with the angular 
shape functions. 
As previously, introducing the approximate solution and test functions 
%(PI E, 77) = c 2 2L(X-l,,,,+,uX(P)XU(E, 77L Vh(P, Et 77) = ~&)X,Kl rl) 
x=1 v=l 
into the weak form (26)-(28) yields the following system of linear equations: 
n,, m,, 
c c (RyXA;” + RgXAt” + R3”‘Ay”) ~(~-~)~,,+v = V”W’“, (29) 
x=1 v=l 
for K = 1,2,. . . , n, and p = 1,2,. . . , m,. Here Ry’, Rgx, Rgx, V” are matrices involving only 
radial integrations, and A:“, A:“, A:“, WH are matri e c s involving only angular integrations. 
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Figure 11. Comparison of the boundary convergence curves of the global multipole 
and piecewise multipole infinite elements. Unweighted and unconjugated formula- 
tion. Aspect ratio = 3:l. Uniform radial mesh. 
Only one of these radial Gram matrices which we will take to be RTx involves oscillatory terms 
which are undefined in the limit p -+ 00; however, these undefined oscillatory terms are canceled 
out before the limit as p + 00 is taken [16-201. 
Convergence Study of the Piecewise Multipole Infinite Element 
Using the UWUC weak formulation, a preconditioned version of the piecewise multipole infinite 
element was applied to solve the exterior wave problem (1) with k = 1. The preconditioning 
method applied here to the UWUC piecewise multipole infinite element is very similar to the 
preconditioning method described in [39], and the preconditioning transformation is constructed 
to “diagonalize” the radial Gram matrix RTx in (29). In this convergence study, we will consider 
the two prolate spheroidal boundaries Xl of radius p1 = 11 and having aspect ratios of 3:1 
and 7:1, respectively. The radial nodes for this infinite element are distributed according to the 
schemes given in (24) and (25), and the infinite element meshes are illustrated in Figures 3 and 6. 
The normalized error en on IR measured via the norm given in (13) is 
II’U. - ~hllH,f,(R) 
en = II+!,!“(Q) ’ 
and the normalized boundary error can on the boundary 80 measured via the norm given in (14) 
is 
The convergence results given in Figures 11-19 compares the performance of the UWUC piece- 
wise multipole infinite elements with the UWUC global multipole infinite element. Each infinite 
element utilizes fifth-order Lagrange polynomial shape functions in the angular variable 0, and 
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Figure 12. Comparison of the domain convergence curves of the global multipole and piecewise multipole 
infinite elements. Unweighted and unconjugated formulation. Aspect ratio = 3:l. Uniform radial mesh. 
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Figure 13. Comparison of the assembled stiffness matrix condition numbers of the global multipole and 
piecewise multipole infinite elements. Unweighted and unconjugated formulation. Aspect ratio = 3:l. 
Uniform radial mesh. 
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Figure 14. Comparison of the boundary convergence curves of the global multipole and piecewise mul- 
tipole infinite elements. Unweighted and unconjugated formulation. Aspect ratio = 71. Uniform radial 
mesh. 
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Figure 15. Comparison of the domain convergence curves of the global multipole and piecewise multipole 
infinite elements. Unweighted and unconjugated formulation. Aspect ratio = 7:l. Uniform radial mesh. 
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Figure 16. Comparison of the assembled stiffness matrix condition numbers of the global multipole and 
piecewise multipole infinite elements. Unweighted and unconjugated formulation. Aspect ratio = 7:l. 
Uniform radial mesh. 
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Figure 17. Comparison of the boundary convergence curves of the global multipole and piecewise multi- 
pole infinite elements. Unweighted and unconjugated formulation. Aspect ratio = 7:l. Nonuniform radial 
mesh. 
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Figure 18. Comparison of the domain convergence curves of the global multipole and 
piecewise multipole infinite elements. Unweighted and unconjugated formulation. 
Aspect ratio = 7:l. Nonuniform radial mesh. 
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Figure 19. Comparison of the assembled stiffness matrix condition numbers of the 
global multipole and piecewise multipole infinite elements. Unweighted and uncon- 
jugated formulation. Aspect ratio = 7:l. Nonuniform radial mesh. 
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each piecewise infinite element utilizes pth-order Lagrange polynomial shape functions in the 
variable l/p. The infinite element meshes considered in this convergence study consist of 100 
infinite elements. All computations in this convergence study were done using standard 16-digit 
precision arithmetics. 
Figures 11, 14, and 17 show the normalized boundary error eao graphed against the number of 
radial degrees of freedom in logarithmic coordinates for the aspect ratios of 3:l and 7:1, respec- 
tively. It is observed that the global multipole element gives an exponential rate of convergence 
on the boundary until the number of multipole terms reaches 5. When the number of multipole 
terms exceeds 5, a divergent behavior begins to occur apparently due to ill-conditioning. Each 
pth-order piecewise multipole element also gives convergence, and each convergence curve appears 
to be linear. For the 3:l aspect ratio, the minimum boundary error achieved by the global mul- 
tipole element is can z 5 x 10m4, while the minimum boundary error achieved by the piecewise 
multipole elements is can M 3 x lo-’ with the uniform radial mesh. For the 7:l aspect ratio, 
the minimum boundary error achieved by the global multipole element is es0 x 5 x 10m2. The 
minimum boundary error achieved by the piecewise multipole elements is eao x 1 x 10m3 with 
the uniform radial mesh and esn x 1 x 10e8 with the nonuniform radial mesh. 
Figures 12, 15, and 18 show the normalized error en graphed against the number of radial 
degrees of freedom in logarithmic coordinates for the aspect ratios of 3:l and 7:1, respectively. It 
is observed that each piecewise multipole infinite element gives convergence in the radial direction, 
and each convergence curves appears to be linear. However, the global multipole infinite element 
exhibits a divergent behavior on the domain 0 which is consistent with the findings of Shirron 
and Babuska [32,33]. The minimum error achieved by the piecewise multipole element for the 3:l 
aspect ratio is en w 5 x 10e5, and for the 7:l aspect ratio the minimum error achieved is 
en w 5 x 10m3 with the uniform radial mesh and en M 7 x 10V6 with the nonuniform radial mesh. 
Figures 13, 16, and 19 show the stiffness matrix condition numbers graphed against the num- 
ber of radial degrees of freedom in logarithmic coordinates. The condition number of the global 
multipole element grows exponentially while it appears that the condition number of each pth- 
order piecewise multipole infinite element grows linearly. Moreover, the levels of ill-conditioning 
for the piecewise multipole elements are more acceptable than that of the global multipole el- 
ement. Comparing Figures 13, 16, and 19 with Figures 5, 8, and 10, we see that the levels of 
ill-conditioning of the preconditioned UWUC piecewise multipole infinite elements are somewhat 
higher than those of the WC piecewise multipole infinite elements. This may be due to the 
fact that the UWUC bilinear form (27) is unstable, whereas the WC sesquilinear form (11) is 
stable [32,33]. 
5. CONCLUSIONS 
AND SUGGESTIONS 
FOR FURTHER RESEARCH 
1. From the results presented in Sections 3 and 4, it is seen that the piecewise infinite ele- 
ments based on the spheroidal multipole expansion (9) appear to converge on the domain R 
and on the boundary dR when implemented with either the WC or UWUC weak formula- 
tions. The global multipole infinite element, utilizing radial functions with global support, 
has limited approximation accuracy due to numerical ill-conditioning and does not give 
convergence on s2 when implemented with the UWUC weak formulation. However, by 
replacing the radial functions which have global support with radial functions which have 
local support, the numerical ill-conditioning seems to be remedied very well. The resulting 
piecewise multipole infinite element appears to have good numerical conditioning and con- 
vergence properties when implemented with either the WC or UWUC weak formulations 
and seems to have improved performance as compared to the global multipole infinite 
element. Another advantage of the piecewise multipole infinite element is that the radial 
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degrees of freedom may be distributed optimally by means of node relocation. This may 
result in a significant decrease of the approximation error. 
2. The level of numerical ill-conditioning of a preconditioned version of the UWUC piecewise 
multipole infinite element is still somewhat higher than the WC piecewise multipole infi- 
nite element. A possible method to further decrease the level of numerical ill-conditioning 
of the UWUC piecewise element might be to apply a preconditioning method which is an 
extension to multiple radial operators of the preconditioning method described in [39]. In 
this extended method, a preconditioning transformation would be constructed to “diag- 
onalize” all three radial Gram matrices RF’, Rz’, R$’ in (29) instead of just the single 
radial Gram matrix RTx in (29) as was done in this paper. More research is needed to 
determine if this idea will further decrease the level of numerical ill-conditioning of the 
UWUC piecewise multipole infinite element. 
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